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ABSTRACT: In this thesis we discuss the newly introduced concept of cone metric spaces, prove some fixed point theorems existence results
of contractive mappings defined on such cone metric space and improve some well-known results in the normal case. The purpose of this paper
is to establish the generalization of contractive type mappings on complete cone metric spaces. Also all the results in this paper are new. The
main aim of this paper is to prove fixed point theorems is cone metric spaces which extend the Banach contraction mapping and others. This is
achieved by introducing different kinds of Cauchy sequences in cone metric spaces.
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. INTRODUCTION
Let E be a real Banach Space. A nonempty convex closed subset P c E is called cone in E if it satisfies:

1) P isclosed, non-empty and P # {0},

2) a,beR, a,b = 0and x,yeP imply that ax + byeP,

3) xeP and -xeP imply that x = 0.

The space E can be partially ordered by the cone P c E; that is, x < y if and only if y —xeP. Also we write x < y. if
y — xeP®, where P® denotes the interior of P.A cone P is called normal if there exists a constant K > 0 such that 0 < x <y
implies ||x|| < K[|y|l.

In the sequel, suppose that E is a real Banach space. P is a cone in E with nonempty interior P® = 0 and < is the partial
ordering with respect to P. A Cone metric spaces is Hausdorff and so has the property that any singleton is a closed subset of the
space. In applications to computer science, especially to computer domains, a space induced by a distance function in which a
singleton need not be closed is used. A partial cone metric space is such a space which might have a great application potential in
computer science.

In Chapter I, refreshes some basic concepts of the metric space.

In Chapter 11, deals with the concept of cone metric on poset.

In Chapter 111, discuss about ciric’s fixed point theorem in a cone metric space.

In Chapter IV, lllustrates the metrizability of cone metric spaces

In Chapter V, discusses the fixed point theorems in partial cone metric spaces.

PRELIMINARIES

Definition 1.1
Let X be a nonempty set. Assume that the mapping d: X X X — E satisfies
i) 0<d(x,y) forall x,yeX and d(x,y) = 0iffx =y,

if) d(x,y) = d(y,x) for all x, yeX,
iii) d(x,y) <d(x,z) +d(zy) forall x,y, zeX.
Then d is the called a cone metric on X, and (X, d) is called cone metric space.

Definition 1.2
If (X,5) is a partially ordered set andf: X — X, f is monotone
non-decreasing if x,yeX,x Ty = fx C fy.

Definition 1.3
The cone P is a called regular if every increasing sequence which is bounded form above is convergent.
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If {x,} is a sequence such that x; < x, <--- <y for some yeE, then there is xeE such that lim,,_,, ||x,, — x|] = 0.
Equivalently the cone P is regular if and only if every decreasing sequence which bounded from below is convergent. It
has been mentioned that every regular cone is a normal.

Definition 1.4

P called minihedral cone if sup{x, y} exists for all x,yeE, and strongly minihedral if every subset of E which is
bounded above has a supremum.

If cone P be strongly minihedral, then every subset of P has infrimum.

CONE METRIC ON POSET
Theorem 2.1
Let (X,E) be a partially ordered set and suppose there exists a cone metric deX such that (X,d) is a complete cone

metric space which the (ID) property holds.

Let f:X — X be a continuous and non-decreasing mapping such that

Y(d(fx ) < P(d@x,y) - o(d(xy))

for x £ y, where ¥ and ¢ are altering distance functions. If there exists x,eX with x, = fx, then f has a unique fixed point.
Proof

If xo = fx, then the proof is finished.

Suppose that x, # fx, .

Sincex, C fx, and f is a non-decreasing function,

Xo E fxo E f2xy E f3xp ...
Putx,,1:= fx, = f"xg and a,: = d(x,41, %)
Thenforn > 1
lp(d(xn+lrxn)) = 1p(d(fxn' fxn—l)) < lp(d(xn:xn—l)) —@(d(Xy, Xq-1)),
Therefor 0 < l/)(an) < lp(an—l) - (p(an—l) < 1/}(an—l) (1)
Sincex,, E x, 41 E x,,, by the (ID) property
It follows that,

an < An41 (2)
or ni1 < Gy (3)
If (2) holds, since i is non-decreasing by (1)

It gives that
0 <¥(ay) < Y(an-1) — ¢(a,-1) < P(a,) —@(a—1) <P(a,) (4)
This implies that ¢(a,,_;) =0andsoa,_; =0forn>1
Thus x, = x,_1 = fx,_ forn > 1 are fixed points of f.
If (3) holds, since ¥ and ¢ are non-decreasing by, relation (1) and induction,
It implies that,
P(an+1) < @(ay) < YP(a,) < P(an—1) — @(ay—1)
< Y(a,-1) —¢(ay)
< YP(an—2) — 9(a,-2) — p(ay).
< YP(an-2) —2¢(a,) < -
< ¥(ap) —ne(a,)
Then 0 < ¢(a,) < ﬁzp(ao) for all n.
This implies that ¢ (lim,,_,., a,,) in P N —P and ¢(lim,,_,,, a,,) = 0 and
since ¢ is altering distance function.
Then (lim,_,, a,) = 0, and
lim d(xp 49, 2,) = 0. ()
Now show that the sequence {x,,} is cauchy.

Claim:
For every c in E and ¢ > 0 there exists N such that d(x,,;,, x,) < c foreveryn > N.

Choose ¢ >» 0, by (5) there exists N such that d(x,, 1, x,) < % foralln = N.
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It makes that,
A4, %) < d(py, X 41) + d(Xp 41, %,) < ¢ foreveryn = N.
Therefore,
For some N and d(x,, .2, x,) < c foreveryn = N.
Now by induction d (x,, 4, X,,) < ¢ for everyn = N and for all integer number m > 1.
The sequence {x,} is Cauchy and since (X, d) is complete, and thus there exists x* in X
such that x,, — x™ and on the other hand f is continuous and x, .1 = fx,.
Then x* = fx".
For uniqueness let x = fx and y = fy, and
Y(dx,y) = p(d(fx fy) < (dxy)) — p(d(x, )
The last inequality gives us (p(d(x, y)) = 0 and by property of the altering distance functions this implies d(x,y) = 0.
Therefore x = y.
In the next theorem,
The (Id) property is replaced by strongly minihedrallity of the cone.
Hence the proof.

CIRIC’S FIXED POINT THEOREM IN A CONE METRIC SPACE
Theorem (Fixed Point Thorem) 3.1
Let (X, d) be a complete cone metric space, P be a normal cone with normal constant k(k = 1).
Suppose the mapping T: X — X satisfies the following constractive condition:
d(Tx,Ty) < A;(x,y)d(x,y) + A, (x,y)d(x,Tx) + A3(x, y)d(y, Ty)
+A4(x,y)d(x, Ty) + Ay(x,y)d(y, Tx), €))
forall x,y in X, where A;: X X X - L(E),i = 1,2,3,4.
Further, assume that for all x, y in X,

Ja € [0,1/k) T 11 Ao p) 1141 Ay, y) IS @ (10)
3 € [0,D)] Il sCx,¥) I< B (11) (A, (6, y)+A,(x,y))(P) € P
(12) A (x,y)(P) S P (13)
Ay(x,y)(P) S P (14)
(I = As(x,y) — As(x,9)) " (P) € P (15)

Here, S: X X X - L(E)is given by:

S@y) = (1- A5y =A@ ) (A1(6y) + A, (x,9) + 446, ),
forall x,yin X.
Then, Thas a unique fixed point
Proof.
Let x € X be arbitrary and define the sequence (x,,),, ey < X by:
Xo =%,%1 =Txg, . Xy = Txp_1 = T"Xg, oo
By (9) it gets that:
d(xn, Xns1) = d(Txn_1, Tx,) < A1 (0o, X)) d (X1, X%,) + Ay (1, %) d (X1, X5,)
+A3 (01, %) Ay, X 41) + Ag Ocp_1, %0 )d (1, X5 41)
+A4 (X1, %) d (0, X;,)
= (Ay Ctpm1, %) + Ap (-1, %) )d (X1, X)
+ Az (X1, %) A (X, X 1) + Ay (X1, %) A (X1, X 41)-

Using the triangular inequality, it given that:

d(xp—1, X% 41) < d(Xn_1,%,) + d(xy, Xn41),
then

d(xn—l'xn) + d(xn'xn+1) - d(xn—lixn+l) inP.
From (14), it follows that

Ay Cepq, ) [ d (X1, %,) + d(xy, X 11) — A(Xp—1, Xn41)] in P,
and

Ay (xn—1,%,)d(q 1, X 41) < Ag (1, %,)d (X1, %)
+ A4(xn—1'xn) d(xn' xn+1)'
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Then it implies that:
d(xn'xn+1)S(A1(xn—1'xn)+A2(xn—1'xn)
+A4—(xn—1'xn))d(xn—1!xn)+(A3(xn—1:xn)
+A4(xn—1'xn))d(xn:xn+1)-
Then,
(I = A3 (1, %) Ay (X1, %)) A (X, X 41) S(Ay (1, 2) +A2 (1, %)
+ A4(xn—1'xn))d(xn—1'xn)'
USing (15)1 d(xn:xn+1) < S(xn—lvxn)(d(xn—lvxn)' (16)
It is not difficult to see that under hypotheses (12),(14) and (15),
S(x,y)(P) € P, forall x,yinX.
Using this remark, (16) and proceeding by iterations,
d(xn,Xn41)< S —1,%,) SOz, X 1) ... S(x0, 1) d(xg, X1),
which implies by (11) that:
I, 24 NS KIS (X1, 260) IS (s 2 —1) Ml SCg, x1) M d (g, 1) < k™ Il d(xp,x1) |-
For any positive integer p,
d(xn'xn+p) =< Z?:l d(xn+i—1' xn+i)'
which implies that:

14
G %) 1<K 1 A1, %s) |

i=1
p

< kZZﬁn+i—1 " d(xo,xl ”
i=1

<L d(xo, ) | (17)

Since p € [0,1),8" » 0asn > +oo.
So from (17) it follows that the sequence(x, ),y is Cauchy. Since (X, d) is complete, there is a point u € X such that:
lim d(Tx,,u) = lirP d(x,,u) = liT d(Txp, Xp41) =0 (18)
n—-+oo n—>+oo

n-+oo

Now, using the contractive condition (9),
d(Tu,Tx,) < Ai(u, x,)d(w, x,)+45(u, x,) d(u, Tu)
+ Az (W, x,)d (Xn, X 41) + Ag (U, x,)d (X, X 41)
+A4,(u, x,)d(x,, Tw).
By the triangular inequality,
d(u, Tu) < d(u, X 41) + d(xyq, Tu)
d(x,, Tu) < d(x,,Tx,) + d(Tx,, Tu).
By (13) and (14),
Ay (u,x,)d (W, Tu) < Az (u,x,) (AW, X 41) + d (X401, TU))
Ay(u, x,)d(x,, Tu) < Ay(u, x,)d(x,, Tx,) + Ay(u, x,)d(Tx,,, Tw).
Then
d(Tu,Tx,) < Ay (w,x,) + dw, x,) + (Az(w, %) + Ag(u, x,))d (W, X;41)
+(Az2(w, x,) + Ay (u, 2,))d (40, Tw) + (A3, %) + Ag (U, %)) d (X, X 41)
Using (10), this inequality implies that:

I d(Tu, Tx,) I< :Za (M dCu, x,) I+ A, 2, 14) 1T+ (X, X 41) 1.
From (18), it follows immediately that:
lim,, ;o d(Tu, Tx,) = 0. (19)

Then, (18), (19) and the uniqueness of the limit imply that u = Tu, then u is a fixed point of T . and T has least one fixed point
u€X.
Now, if v € X is another fixed point of T, by (9),
d(u,v) = d(Tu,Tv) < A (u,v)d(u,v) + 24,(u, v)d(u,v),
Which implies that:
ldw, ) 1<kl A;(w,v) | +2 1 Ay, v) 1D I d(w, v) IS ka || d(uw,v) |,
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1—-ka) Il d(w,v) I< 0.
Since0 < a < % , we get d(u,v) =0, i.e.,, u = v. So the proof of the theorem is completed.

METRIZABILITY OF CONE METRIC SPACES
Theorem 4.1

For every cone metric D: X X X — E there exists metric
d: X x X - R* which is equivalent to D on X.

Proof:
Define d(x,y) = inf{ll u Il: D(x,y) < u}. We shall to prove that d is an equivalent metric to D. If d(x,y) = 0 then there
exists u,, such thatll u,, ll- 0and D(x,y) < u,.
And u,, - 0 and consequently for all ¢ > 0 there exists N € N such that u,, < ¢ foralln = N.
Thusforallc > 0,0 < D(x,y) < c.
Namely x = y. If x = y then D(x,y) = 0 which implies that d(x,y) <l u || forall 0 < u.
Putu = 0 itimplies d(x,y) < Il 0 lI= 0, on the other hand 0 < d(x,y),
Therefore d(x,y) = 0.
Itis clear that d(x,y) = d(y, x).
To prove triangle inequality, for x,y,z € X,
Ve > 03w llu lI<dx,2)+¢€D(x,z) <uy,
Ve>03u, lu, I<d(z,y)+€D(zy) <u,.
But D(x,y) < D(x,2z) + D(z,y) < uq + uy,
Therefore
d,y) <lluy +u 1<yl +lluy I < d(x,z) +d(z,y) + 2e.
Since € > 0 was arbitrary so d(x,y) < d(x,z) + d(z,y).
Claim:
Forall {x,} € X and x € X,x, — x in (X, d) ifand only if x,, - x in (X, D).

vn,m € N Ju,,,such that | u,,, Il < d(x,,x) + El, D (x,, X)Upyy, -

1
Put v,: = u,, then || v, I< d(x,,x) + -

and D(x,,x) < v,. Now if x, = x in (X, d) then d(x,,x) = 0 and v, — 0. Therefore for all ¢ > 0 there exists N € N such that
v, L cforalln > N.
This implies that D(x,, x) « cforall n = N. Namely x,, —» x in(X, D).

Conversely,
For every real e > 0, choose ¢ € E withc > 0
Andllcll< e

Then there exists N € N such that D(x,,,x) < cforalln > N.
This means that for all ¢ > 0 there exists N € N such that d(x,,, x) <licll< e forall n > N.
Therefore d(x,,x) » 0asn — o sox, — x in (X, d).

FIXED POINT THEOREMS IN PARTIAL CONE METRICSPACES
Theoremb5.1

Let (X, p) be a partial cone metric space and P be a normal cone
with normal constant K, then (X, p) is Ty,
Proof.

Suppose p: X X X — Eis a partial cone metric, and

supposex, y € X with x # y, from (p1) and (p2)

p(x,x) <px,y) orp(y,y) <px,y).
Suppose p(x,x) < p(x,y)and 0 < p(x,y) — p(x, x),
0<llp(x,y) —p(x,x) lI= 8,
For 6, > 0, choose c, € intPwith |l ¢, II< §,.
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Then x € B, (x,c,)andy & B, (x, c,).
Consequently (X, p) partial cone metric space isTj.

Il.  CONCLUSION

The present work contains not only an improvement and a generalization of the concept of a partial metric, as it has been
presented in a more general setting, a partial cone metric space which is more general than the partial metric space. But also an
investigation of some fixed point theorems one of which is also new for a partial metric space.

So that one may expect it to be more useful tool in the field of topology in modeling various problems occurring in many
areas of science, computer science, information theory, and biological science.

On the other hand, a concept of fuzzy partial cone metric is investigated fixed points theorems for fuzzy functions.

However, due to the change in settings, the definitions and methods of proofs will not always be analogous to those of
the present results.
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