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Abstract:- A more general definition of extremally p-disconnected generalized topological space [3] is introduced and its properties are studied.
We have further improved the definitions of generalized open sets [1] and upper(lower) semi-continuous functions defined for a generalized
topological space in [5]. In this generalized framework we obtain the analogues of results in [1, 3, 5]. Examples of extremally p-disconnected
generalized topological spaces are given.
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PRELIMINARIES
Definition 1.1
A topology on a set x is a collection J of subsets of x having the following properties,
i) ¢andxareinl.
ii) The union of the elements of any sub-collection of J is in J.
iii) The intersection of the elements of any finite sub-collection of J is in J.

A set x for which topology J has been specified is called Topological space.

Example 1.1.1
Letx={a, b, c, d)
i) Jo= {¢, X }is a topology.

i) J, = {¢, X, {a}}is a topology.

iiiy J, = {4, X, {b}}is a topology.

iv) J, = {g, X, {a}, {b}}is not a topology.
Definition 1.2

A topology on X is said to be discrete topology, if the topology contains all the subsets of X.
Example 1.2.1

X={1,2, 3}
J= {¢, X, {1}, {2}, {3}, {1,2}, {1,3}, {3,2}} is a discrete topology.
Definition 1.3

If a topology which contains only ¢ and X is called trivial (or) indiscrete topology.

Example 1.3.1
X={1,2,3}
J={p.x}

Definition 1.4
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Let X be aset. Let J; be the collection of all subsets U of X such that

X-U is either finite (or) is all of X.

Then J is a topology on X. It is called the finite complement topology.
Definition 1.5

If X is a set. A basis for a topology on X is a collection B of subsets of X such that,

1) Foreach X € X, there is atleast one basis element B containing X
2) If X e B, MB, then there is a basis element B, such that,
B, B nB,
The element of B are called basis element.

Definition 1.6
A subset U of X is said to be open in X. If for each X €U there is a basis element B € B such that X € Band

BcU.

Definition 1.7
Let X be a set with simple order relation. Assume X has more than one element.
Let B be the collection of all sets of the following types.

i) All open interval (a, b) in X.

ii) All intervals of the form [a , , b) where a_is the smallest element of X.

iii) All intervals of the form (a, b . ] where b, is the largest element of X.

The collection B is a basis for a topology on X which is called the order topology.
CONNECTED TOPOLOGICAL SPACE
3.1 Definition

Let (X,T) be a topological space, a<[0]] and let T={03uvU:UeT} then any UeT is a a-neighbourhood

XeU

for any point (i.e) For any point of its support, but obviously U fails to be a-open in (X, T).

3.2 Definition
Let (X,T) be a topological space, a<[0]] and let T={0G{auiueT} then any ueT isaa-
neighbourhood for any point Xeu (i.e) For any point of its support, but obviously u fails to be a-open in (X,T).

3.3 Definition

A fuzzy topological space (X,7) is called a-compactif every-shading of X by fuzzy open sets of X has a finite a-
subshading.
3.4 Definition

Let O0<a<l A fuzzy topological space (X,7) is said to be o-Hausdorf if for each XY € X with X% Y there

A(X)>a,B(X)>a 4 AAB=0,.

exist fuzzy open sets A and B in X, such that n
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3.5 Definition

1
Let (X,7) be a fuzzy topological space. A subset A of X is said to be a-N-open set in X if its complement A s g-

closed in X.
3.6 Theorem
Let (X,T) be a fuzzy topological spaces and let ael for each point
i) it MEN,(P) ypop PEM
i) IfM,NeNathenM(\NeNa(p)
i) 1t MENLP) g MEN ey NN, (p)
iv) If MeN,(p) then there is NeN,(p) such that @(N) =@
NeM and N e Na(q) for every geN.
Proof
) it MeN.(p)
To prove peM
Thrn there exist GeT,
Such that P € GeM and therefore P € M
Hence P € M
i) it M. NeN,(p)
To prove MANeN,_(p)
There exist two a-open fuzzy sets that is G, and G, such that
peG cM,peG,cN
since C1 NG, €T, 1y PEG,NG, cM NN
Wehave M NN €N, (p)
i e MeN(p)
To prove NeN,(p)
There exists GeT, such that P € GeMcN and
Hence N € N, (p)
iv)  suppose M €N (P)

To prove (N)ze and NeN,(a) for every geN

GeT peGc M

Then there exists @ such that
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Let N=G

We have (N)=e and N e Na(q) for every geN

Hence the proof.
DISCONNECTED TOPOLOGICAL SPACE
A topological space that is not connected, i.e., which can be decomposed as the disjoint union of two nonempty open
subsets. Equivalently, it can be characterized as a space with more than one connected component.
A subset S of the Euclidean plane with more than one element can always be disconnected by cutting it through with a
line (i.e., by taking out its intersection with a suitable straight line). In fact, it is certainly possible to find a line ¥ such that two

points of & lie on different sides of *. If the Cartesian equation of 7 is

riax+by+c=0 1)
for fixed real numbers @ b, €, then the set S = S\ is disconnected, since it is the union of the two nonempty open subsets
U+=.5"ﬂ{[x,y}E|Rz|ax+b}'+r>ﬂ'} 2
and

U_ZS'H{[X,}'}EIRE|ax+b}'+c{l}}, 3)

which are the sets of elements of & lying on the two sides of 7.
Topology: Connected Spaces
Let X be a topological space. Recall that if U is a clopen (i.e. open and closed) subset of X, then X is the topological

disjoint union of U and X-U. Hence, if we assume X cannot be decomposed any further, there’re no non-trivial clopen subsets
of X.

Definition. The space X is connected if its only clopen subsets are X and the empty set. Equivalently, there’re no non-empty
disjoint open subsets U, V of X such that X = [ LI 1. Otherwise, it’s disconnected.

The following characterisation of connected sets is simple but surprisingly handy.

Theorem 3.1

X is connected if and only if any continuous map fi X — {0 1} where {0, 1} has the discrete topology, is constant.

Thus, it’s disconnected if and only if there’s a continuous surjective map frX =401}
Proof.

Iffis not constant, then'r::.f'_'[l-liandl-::.f'_'[l}are non-empty  disjoint open subsets such

that X = [7 LI V. Conversely, if ¥ = L7 L1 V- where U, V are non-empty, disjoint and open in X, then we can set
(. frel,

X 5 {01}, 2
frX =0 reg ifreV.,

With this theorem in hand, the remaining properties are surprisingly easy to prove.
Definition 3.1

Let X be a topological space. Then X is said to be disconnected if there exists two non-empty separated sets A and B
suchthat X = AUB.
Theorem 3.2

Let X be a topological space then X is disconnected iff X has a non-empty proper subset which is both open and closed.
Proof:

Let A be a non-empty proper subset of X, which is both open and closed.
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Then (X - A)is also a non-empty proper subset of X which is both open and closed.
So X is the union of two non-empty separated sets, showing that X is disconnected.
Conversely,

Let X be a disconnected space, then there exists two non-empty separated sets A and B suchthat X = AU B

Since A and B are separated, therefore A B = @and C.

SOANB=X,AnB=X and AnB=¢ ... (i)
Now,
AuB=X,AnB=¢=A=X-B....(ii)
And AUB=X,ANB=¢=>A=X-B ... (iii)
Also AUB=X,AUB=¢=>B=X-A .. (iv)
Since A= ¢,B#¢
It follows from (ii) that A is a non-empty proper subset of X and (iii) shows that A is open. (ii) and (iv) both shows that A is
closed.
Thus X has a non-empty proper subset which is both open and closed.
Example 3.3

Every discrete space which contains more than one point is disconnected.
Proof:

Let X be discrete space and let X € X . Then {X}is a non-empty proper subset of X.
Which is both open and closed in X. Hence X is disconnected.
Definition 3.4

A subset A of a topological space X is said to be closed. If its complement X — Ais open.
Theorem 3.5

Let X be a topological space then X is disconnected. Iff X = A B ,where A and B are non-empty disjoint open sets.

Proof:
Let X is disconnected then there exist a non-empty proper subset A of X.
Which is both open and closed.
Then X — Aiis also a non-empty subset of X which is both open and closed.
This shows that X is the union of two non-empty disjoint open sets.
Conversely,
Let X be the union of two non-empty disjoint open sets A and B, then X —B = A.

Since B is open this implies A is closed and since B # ¢ .

= A is non-empty proper subset of X, that is both open and closed.
Hence X is disconnected.
Note:
The rational Q are disconnected.
Definition 3.6
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A subset U of X is said to be open in X. If for each X € U there is a basis element B e BandB €U .
Theorem 3.7
Let x be a topological space then X is disconnected. Iff X = A B ,where A and B are non-empty disjoint closed sets.
Proof:
Let X is disconnected. Then there exists a non-empty proper subset A of X.
Which is both open and closed.
And X — Aiis also a non-empty subset of X.
Which is both open and closed.
This shows that X is union of two non-empty disjoint closed set.
Conversely,
Let X be the union of two non-empty disjoint closed sets A and B.
Then X —B = A.
Since B is closed this implies A is open.

Since B # ¢ . This implies that A is a non-empty proper subset of X.

That is both open and closed.
Hence X is disconnected.
SUGGESTIONS

The connected and disconnected space is an intermediate product of the project, but it has many interesting properties. It
might be worthwhile to continue the research, for example, we can choose another space other than the one used in strongly
connected spaces.

The other point to note is that the conditions for a connected space to be strongly connected that presented in this report is still too
strict, thus finding more suitable conditions will be a challenge.
CONCLUSION

In this report, we first review the concept of connectedness. It is a well-developed concept, and its definition, properties
and examples are all ready to use. Thus, a quick revision enables us doing further study. By slightly modifying its definition, we
gain a connected and disconnected space, which has almost the same features as a connect space. The connectedness may vary
greatly, from the usual connectedness to one-point connectedness; therefore, being a general connected space, it does not have
anything very interesting.

However, a specific connected space the strongly connected space is an ideal notion of stronger connectedness. Since the
space is carefully chosen, the strongly connectedness is only a little stronger than the usual connectedness. We have shown that
the strongly connectedness not only has the same property as the connected space, but also has many new properties. Moreover, it
is also mentioned in the report that how to make a connected space strongly connected.
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