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Abstract:- A more general definition of extremally µ-disconnected generalized topological space [3] is introduced and its properties are studied. 

We have further improved the definitions of generalized open sets [1] and upper(lower) semi-continuous functions defined for a generalized 

topological space in [5]. In this generalized framework we obtain the analogues of results in [1, 3, 5]. Examples of extremally µ-disconnected 

generalized topological spaces are given. 
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PRELIMINARIES 

Definition 1.1 

 A topology on a set x is a collection J of subsets of x having the following properties, 

i)  and x are in J. 

ii) The union of the elements of any sub-collection of J is in J. 

iii) The intersection of the elements of any finite sub-collection of J is in J. 

A set x for which topology J has been specified is called Topological space. 

Example 1.1.1 

 Let x = {a, b, c, d) 

i)  XJ , is a topology. 

ii)   aXJ ,,1  is a topology. 

iii)   bXJ ,,2  is a topology. 

iv)     baXJ ,,,3  is not a topology. 

Definition 1.2 

 A topology on X is said to be discrete topology, if the topology contains all the subsets of X. 

Example 1.2.1 

 X = {1, 2, 3} 

      2,3,3,1,2,1,3,2,1,, XJ  is a discrete topology. 

Definition 1.3  

 If a topology which contains only  and X is called trivial (or) indiscrete topology. 

Example 1.3.1 

 X = {1, 2, 3} 

 XJ ,  

Definition 1.4 
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 Let X be a set. Let fJ  be the collection of all subsets U of X such that  

X-U is either finite (or) is all of X. 

 Then fJ  is a topology on X. It is called the finite complement topology.  

Definition 1.5 

 If X is a set. A basis for a topology on X is a collection Ɓ of subsets of X such that, 

1) For each Xx , there is atleast one basis element Ɓ containing X 

2) If 21 BBx   then  there is a basis element 3B  such that, 

213 BBB   

The element of Ɓ are called basis element. 

Definition 1.6 

 A subset U of X is said to be open in X. If for each Ux  there is a basis element B  such that Bx and

UB . 

Definition 1.7 

 Let X be a set with simple order relation. Assume X has more than one element. 

 Let Ɓ be the collection of all sets of the following types. 

i) All open interval (a, b) in X. 

ii) All intervals of the form [a  , b) where a is the smallest element of X. 

iii) All intervals of the form (a, b  ] where b  is the largest element of X. 

The collection Ɓ is a basis for a topology on X which is called the order topology. 

CONNECTED TOPOLOGICAL SPACE 

3.1 Definition 

 Let (X,T) be a topological space,  
]1,0[

 and let 
}:(}1,0{ TUUT 

 then any 
TU

 is a α-neighbourhood 

for any point 
UX 

 (i.e) For any point of its support, but obviously U fails to be α-open in (X,T). 

3.2 Definition 

 Let (X,T) be a topological space,  
]1,0[

 and let 
}:.{}1,0{ TuuT  

 then any 
Tu

 is a α-

neighbourhood for any point 
ux

 (i.e) For any point of its support, but obviously u fails to be α-open in (X,T). 

3.3 Definition 

 A fuzzy topological space 
),( X

 is called α-compactif every-shading of X by fuzzy open sets of X has a finite α-

subshading. 

3.4 Definition 

 Let 
10  . A fuzzy topological space ),( X

 is said to be α-Hausdorff if for each 
Xyx ,

with 
yx 

 there 

exist fuzzy open sets A and B in X, such that 
  )(,)( xBxA

 and 
.0 xBA 
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3.5 Definition 

 Let 
),( X

 be a fuzzy topological space. A subset A of X is said to be α-N-open set in X if its complement 
1A  is α-

closed in X. 

3.6 Theorem 

 Let (X,T) be a fuzzy topological spaces and let 
I

 for each point  

i) If 
)( pNM 

 then 
Mp

 

ii) If NNM ,
 then 

)( pNNM 
 

iii) If 
)( pNM 

 and 
NM 

 then 
)( pNN 

 

iv) If 
)( pNM 

 then there is 
)( pNN 

 such that 
 )(N

 

MN 
and

)(qNN 
 for every 

.Nq
 

Proof 

i) If 
)( pNM 

 

To prove 
Mp

 

Thrn there exist TG
 

Such that 
MGp 

 and therefore 
Mp

 

Hence 
Mp

 

ii) If 
)(, pNNM 

 

To prove 
)( pNNM 

 

  There exist two α-open fuzzy sets that is 1G
 and 2G

 such that  

   
NGpMGp  21 ,

 

  Since TGG  21  and 
NMGGp  21  

  We have  
)( pNNM 

 

iii) If 
)( pNM 

 

To prove 
)( pNN 

 

There exists TG
 such that 

NMGp 
 and  

Hence 
)( pNN 

 

iv) Suppose 
)( pNM 

 

To prove 
)(N

 and 
)(qNN 

 for every 
Nq

 

Then there exists TG
 such that 

MGp 
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Let N=G 

We have 
)(N

 and 
)(qNN 

 for every 
Nq

 

 Hence the proof. 

DISCONNECTED TOPOLOGICAL SPACE 

A topological space that is not connected, i.e., which can be decomposed as the disjoint union of two nonempty open 

subsets. Equivalently, it can be characterized as a space with more than one connected component. 

A subset  of the Euclidean plane with more than one element can always be disconnected by cutting it through with a 

line (i.e., by taking out its intersection with a suitable straight line). In fact, it is certainly possible to find a line  such that two 

points of  lie on different sides of . If the Cartesian equation of  is 

 

(1) 

for fixed real numbers , then the set  is disconnected, since it is the union of the two nonempty open subsets 

 

(2) 

and 

 

(3) 

which are the sets of elements of  lying on the two sides of . 

Topology: Connected Spaces 

Let X be a topological space. Recall that if U is a clopen (i.e. open and closed) subset of X, then X is the topological 

disjoint union of U and X–U. Hence, if we assume X cannot be decomposed any further, there’re no non-trivial clopen subsets 

of X. 

Definition. The space X is connected if its only clopen subsets are X and the empty set. Equivalently, there’re no non-empty 

disjoint open subsets U, V of X such that  Otherwise, it’s disconnected. 

The following characterisation of connected sets is simple but surprisingly handy. 

Theorem 3.1 

X is connected if and only if any continuous map  where {0, 1} has the discrete topology, is constant. 

Thus, it’s disconnected if and only if there’s a continuous surjective map  

Proof. 

If f is not constant, then  and  are non-empty disjoint open subsets such 

that  Conversely, if  where U, V are non-empty, disjoint and open in X, then we can set 

 ♦ 

With this theorem in hand, the remaining properties are surprisingly easy to prove. 

Definition 3.1 

 Let X be a topological space. Then X is said to be disconnected if there exists two non-empty separated sets A and B 

such that BAX  . 

Theorem 3.2 

 Let X be a topological space then X is disconnected iff X has a non-empty proper subset which is both open and closed. 

Proof: 

 Let A be a non-empty proper subset of X, which is both open and closed. 

http://mathworld.wolfram.com/TopologicalSpace.html
http://mathworld.wolfram.com/DisjointUnion.html
http://mathworld.wolfram.com/EuclideanPlane.html
http://mathworld.wolfram.com/CartesianEquation.html
https://simomaths.wordpress.com/2013/03/05/topology-connected-spaces/
https://simomaths.wordpress.com/2013/01/29/topology-disjoint-unions/
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Then  AX  is also a non-empty proper subset of X which is both open and closed. 

So X is the union of two non-empty separated sets, showing that X is disconnected. 

Conversely, 

 Let X be a disconnected space, then there exists two non-empty separated sets A and B such that BAX   

Since A and B are separated, therefore  BA and C. 

So XBA  , XBA   and  BA                                 ……(i) 

Now,  

 ,XBA   BA BXA  ......(ii) 

And BXABAXBA  ,  ......(iii) 

Also AXBBAXBA  ,  ……(iv) 

Since   BA ,  

It follows from (ii) that A is a non-empty proper subset of X and (iii) shows that A is open. (ii) and (iv) both shows that A is 

closed. 

Thus X has a non-empty proper subset which is both open and closed. 

Example 3.3 

 Every discrete space which contains more than one point is disconnected. 

Proof: 

 Let X be discrete space and let Xx . Then x is a non-empty proper subset of X. 

Which is both open and closed in X. Hence X is disconnected. 

Definition 3.4 

 A subset A of a topological space X is said to be closed. If its complement AX  is open. 

Theorem 3.5 

 Let X be a topological space then X is disconnected. Iff BAX  ,where A and B are non-empty disjoint open sets. 

 

Proof: 

 Let X is disconnected then there exist a non-empty proper subset A of X. 

Which is both open and closed. 

Then AX  is also a non-empty subset of X which is both open and closed. 

This shows that X is the union of two non-empty disjoint open sets. 

Conversely, 

 Let X be the union of two non-empty disjoint open sets A and B, then ABX  . 

Since B is open this implies A is closed and since B . 

A is non-empty proper subset of X, that is both open and closed. 

Hence X is disconnected. 

Note: 

 The rational Q are disconnected. 

Definition 3.6 
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 A subset U of X is said to be open in X. If for each Ux there is a basis element B and UB . 

Theorem 3.7 

 Let x be a topological space then X is disconnected. Iff BAX  ,where  A and B are non-empty disjoint closed sets. 

Proof: 

 Let X is disconnected. Then there exists a non-empty proper subset A of X. 

Which is both open and closed. 

And AX  is also a non-empty subset of X.  

Which is both open and closed. 

This shows that X is union of two non-empty disjoint closed set. 

Conversely, 

 Let X be the union of two non-empty disjoint closed sets A and B. 

Then ABX  . 

Since B is closed this implies A is open. 

Since B . This implies that A is a non-empty proper subset of X. 

That is both open and closed. 

Hence X is disconnected. 

SUGGESTIONS 

The connected and disconnected space is an intermediate product of the project, but it has many interesting properties. It 

might be worthwhile to continue the research, for example, we can choose another space other than the one used in strongly 

connected spaces. 

The other point to note is that the conditions for a connected space to be strongly connected that presented in this report is still too 

strict, thus finding more suitable conditions will be a challenge.  

CONCLUSION 

In this report, we first review the concept of connectedness. It is a well-developed concept, and its definition, properties 

and examples are all ready to use. Thus, a quick revision enables us doing further study. By slightly modifying its definition, we 

gain a connected and disconnected space, which has almost the same features as a connect space. The connectedness may vary 

greatly, from the usual connectedness to one-point connectedness; therefore, being a general connected space, it does not have 

anything very interesting. 

However, a specific connected space the strongly connected space is an ideal notion of stronger connectedness. Since the 

space is carefully chosen, the strongly connectedness is only a little stronger than the usual connectedness. We have shown that 

the strongly connectedness not only has the same property as the connected space, but also has many new properties. Moreover, it 

is also mentioned in the report that how to make a connected space strongly connected. 
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