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Abstract: In this paper, some elementary operations on triangular fuzzy numbers are defined. we also define some operations on triangular
fuzzy matrices such as trace and triangular fuzzy determinant. Using elementary operations. Some important properties of TFMS are presented.
The concept of adjoints on TFM is discussed and some of their properties are. some special types of TFMs are defined and a number of
properties of these TFMS are presented.
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1. Introduction:
Mathematics deals with both  quantitative

2. Basic concept and Preliminaries :
Definition 2.1: A fuzzy set is characterized by a

relationships and such relationships are very conveniently
represented by matrices. The applications of matrices are not
only in the branches of mathematics but also in real world
problems. Fuzzy mathematics has a very wide range of
application in Engineering physical science in Linguistic
and in numerous other areas.

A fuzzy set can be defined mathematical by
assigning to each possible individual in the inverse of
discourse value representating its grade of membership in
the fuzzy set. Because full membership and full non
membership in the fuzzy set can still be indicated by the
values of 1 and O respectively we can consider the concept
of a crisp set to be a restricted case of the more general
concept of a fuzzy set for which only these two grades of
memberships are allowed. The fuzziness can be represented
by different ways one of the most useful representation is
membership function. Also depending the nature and shape
of the membership function the fuzzy number can be
classified in different forms, such as traingular fuzzy
number trapezoidal fuzzy number.

The fuzzy matrices introduced first time by
Thomason and discussed about the convergence of powers
of fuzzy matrix several authors presented a number of result
on the convergence of power sequence of fuzzy matrices,
Ragabetal presented some properties on determinant and
adjoint of sequence fuzzy matrix. Ragabetal presented some
properties of the min-max composition of fuzzy matrices
kim presented some important results on determinant of a
square fuzzy matrices.
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membership function mapping the elements of a domain,
space or universe of discourse X to the unit interval [0, 1].

A fuzzy set A in a universe of disource X is defined
as the following set of pair.

A={(X pa(x)):x e X}

Here pua : X — [0, 1] is a mapping called the
degree of membership function of the fuzzy set A and pa(X)
is called the membership value of x € X is called the fuzzy
set A.

Definition 2.2: A fuzzy set A of the universe of discourse X
is called Normal fuzzy set implying that there exists at least
one X € X such that pa (x) = 1.

Definition 2.3A Traingular fuzzy matrix of order m x n is
defined as A = (&j)mxn Where a; = (mj, oy, Bipis the ijth
element of A, mj; is the mean value of a; and o, Bjj are the
left and right spreads of a;; respectively.

As for classical matrices the following operation on
Triangular fuzzy matrices.

Let A = (a;) and B = (b;) be two Triangular fuzzy
matrices of same order then we have the following.

I) A+B= (aij + bij)

||) A-B= (aij - bij)

iii) For A = (@jj)mxn and B = (bij)nxp

n

A.B= (Cij)mxp where Cij =X aikbkj

k =
i=1,2....mandj=1,2........... p
iV) Ak+1 - Ak Al
V) A" = (a;) (the transpose of A)
vi) k. A = (ka;;) where k is a scalar.
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Definition 2.4: A Triangular fuzzy matrices is said to be a
pure null Triangular fuzzy matrices if all its entries are zero
i.e., all elements are (0, 0, 0) this matrix is denoted by O.

Definition 2.5:A Triangular fuzzy matrices is said to be a
fuzzy null Triangular fuzzy matrices if all elements are of
the from a;; = (0, €1, ), where €; . €,#0.

Definition 2.6:A square Triangular fuzzy matrices is said to
be a fuzzy unit Triangular fuzzy matrices ifa; = (1, ey,
exyand a;; = (1, €3, €4) fori = j forall i, j where €; .ex#e;
ez 0.

Definition 2.7:A square Triangular fuzzy matrices is said to
be a pure unit Triangular fuzzy matrices if a;; = (1, 0, 0) and
3 =1(0,0, 0y, i=jforalli,j Itis denoted by I.

Definition 2.8:A square Triangular fuzzy matrices A = (a;)
is said to be a Fuzzy TFM if either a;; = (0, €4, €) forall i >
joraj=(0, €1, ey foralli<j;i,j=1,2....nand ;. ex#
0.

Definition 2.9:A square Triangular fuzzy matrices A = (a;)
is said to be symmetric Triangular fuzzy matrices if A = A’
i.e., if a; =g foralli, j.

Definition :2.10A matrix A = (a;) is called a fuzzy matrix,
if each element of A is a fuzzy number we may represent
nxn fuzzy matrix A = (aj})nxn SUch that aj; = (&, bj;, Cij).

3.TRIANGULAR FUZZY NUMBER
A triangular fuzzy number denoted by M = (m, a,
B) has the membership function

0 forx < m@oa
1@ ™ L @< x<mo>0
um (X) = o
1 forx=m
El@)ﬁ?m form<x<m+3,>0
0 forx>m+ 3

TRACE OF TFM
Trace of TFM. The trace of a square TFM A = (a;)
denoted by tr(A) is the sum of the principal diagonal

n

elements. In other words tr(A) = X a,,

i=1
Theorem 3.1: The product of two pure lower triangular
TFMS of order nxn is also a pure lower triangular TFM.
Proof:
Let A= (a;) and B= (b;;) be two lower triangular TFMS.
Where a;; = (m;;, a;;, B;; ) and by = (n;;, v, 6;)
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Since A and B are pure lower triangular TFMS then a; =

(0,0,0) and b;j = (0,0,0) for all
(< =120 e DS
n
Let A.B = C = (c;) where ¢;; = X aik,dbkj by
k=1

n = + = +
=X My o By Any Yk '“Bkj

k=1

Now, show that ¢;; = (0,0,0) if i<j
Forij=12.....c.c.c.ceinnn. n
For i>j, aix = (0,0,0) and
Fork=1,2.................. i+l
Similarly by= (0,0,0)for k=1i,i-1............. n.
n
Therefore c; =X a,, bkj
k=1

i+1 n
=X Bkj +X aikA)kj

k=1 k=1
=(0,0,0)

n
Nowc;i= X a, A,
k=1

i+1 n
=X A Abki +a; +A)ii + X aikAbki

k=1 k=i@1
=(0,0,0)
=aji. bii
since aj = (0,0,0)fork=12 .................. i+1
And b,; =(0,0,0) fork=i+1,i+2 ............ n.

3.1 Determinant of Triangular Fuzzy Matrix
The triangular fuzzy determinant (TFD) of a TFM minor
and cofactor are defined as in classical matrices. But, TFD
has some special properties due to the sub- distributive
property of TFNs.

The triangular fuzzy determinants of TFM A of
order nxn is denoted by |A|.
(or) det (A) and is defined as,

|A| = X SgnU(m1a(1);0510(1),310(1))----(mna(n))
a2sn
n
= X SgnGY ai 1)
c2sn i=1
where aio(y = (m;0;4,0;p;0;)are TFNS and Sn denotes the
symmetric group of all permutations of the indices

{1,2,.......n} And Sgn o= 1 or -1 according as the
permutation.
T
L, 2 VO
“oloc2....0nN s even or add

respectively.

The computation of det (A) involves several
product of TFNSs. since the product of two or more TENS is
an appropriate TFN the Values of det (A) is also
approximate TFN.
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Theorem 3.2:
If Ais asquare TFM then |A|= |A’|
Proof:

Let A = (aj)nxnbe a square TFM and A’ = B= (bjj)nxn
then
B = X Sgnob1o () D20y <o bno )

c2sn
Doesn S gn 044001y, 200).......... A0 (n)
Let ¢ be the permutation of {1,2,...n} such that ¢ = I, the
identity permutation.

Then ¢ = ™. Since & runs over the whole set of
permutations, ¢ also runs over the same set of permutations.
Let o(i) = j then i=o™(j) and ac(i)i = djog). for all 1,j.
Therefore,

Bj= X Sgne m_

G2sn

o 110 1 ’Bc‘lal

mc 2a2 ’0'0 232 ’Bc\lal """ G nan ’(x'cs nan ’Bg\nan

= X Sgnd) m1¢ 1 aa1¢ 1 ’B d)
m2¢‘2a'Ax2¢‘261AB2¢\2&1 ...............

= Mg 0g,e 'Bnrzfna
=|A|
Hence |A|=|A|

4. CIRCULANT TRIANGULAR FUZZY NUMBER
MATRICES:
A TFNM A4 Is said to be circulant TENM if all the
elements of A can be determined completely by its first row.

Suppose the first row of 4 is
o + - + - + - +

a%ralraijr 1 a%razralu ] aé1a31ag .

then any element a;; of A can be determined (throughout the
element of the first row) as

Aij = a‘lbn@iH'JrlCWIth al\n+ka: alk/

A crrculant TFENM |s the form of

1
a1 e1a1 az,blz,a2 A(\an@l, o Anen® an.hn,aﬁ

+ +* +
an an vaﬂ an. b A A g, a, @0 80" an@la'an@laaun@l

A A A A A

A A A A A

* 4 + * + * +y
3,885 .83 A aba 2,8, 8,

* 4 + * + * +
al,b, a2l al,b,al M alh,,al a; b ,a
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Theorem 4.1:
An nxn TFNM 4 is circulant if and only if A¢, =
C.A,
) Where, En is the permutation matrix of unit TEFNM.
_000 OOO /X\OOO 0,1,0 y
- +* +* ::
- 0,1,0 0,0, 0 A O 0,0 0,0, 0 E
E A A M A A N
b,=f A A A A A |}
-, A, A /-X\ A A X
o + + +N
- 0,00 0,0, 0 A 0 0,0 0,0,0 E
Lx 4+ * + +* +
0,00 0,00 A 0,1,0 0,0,0
Proof:

Let A be a TFNM and P = AC,, then p; =
n D C
X & C, #Since, only ¢y, is (0,0,0).pj = ayjen).
k=1
Similarly, if T = C,4, then t; = agen — 1);. S0, by Note
413 pj=tiforalll, jen.
Hence AC,=C,A.
So, 4 is circulant TENM.
Converse is straight forward.
Let A and c be two crrculant TFNMs of order 3x3 where
234 467 367 000 000 010
+ * 4+ *
A E 367 234 46,7 gandQ E 0,1,0 000 000
+* +* + +* +*

46,7 36,7 234 0,00 0,10 0,0, 0

Then
4.6,7 3,6,7 234 467 367 234
* +* +* * +*
NEe S 234 46,7 367 and € A < 234 46,7 3,6,7
+* +* + + * + *
3,6,7 234 46,7 3,6,7 2,34 46,7
Thus AC =CA.
Theorem 4.2:
For the circulant TFNMS Aand B.
i) A+ Bisacirculant TFNM.

ii) A'is a circulant TEFNM.

iii) ABis also a circulant TFNM. In particular, A%
is also a circulant TENM.

iv) AA'is circulant TFNM.

Proof:
0] Proof is Straightforward.
(i) Since A is circulant TFNM then A commutes
with C,,
So, AC, = C,A. Transposrng both sides of AC,
C.A
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or, A= C,A'C', since,€,. €,=P=€, A. A

o, A.E,. =€, A.€,.€,=€,A.¢/

so, A. iscirculant TENS/

iii) Since, A and B are circulant TFNMs, each A and B
commutes with C,,

Hence AB commutes with C,,.

So, by for a circulant TFNM Anotice that a jen — 1= g
(i91)

for every l,j €{1,2,........n}. Theorem 4.1.1,AB is circulant
TENM. A4'is circulant TFNM.

CONCLUSION

In this project some elementary operations on triangular
fuzzy numbers are defined, like Classical matrices. Also
define some operations on Triangular Fuzzy Matrices using
the elementary operations. Some important properties of
Triangular Fuzzy Matrices are presented. The concept of
adjoint of Triangular Fuzzy Matrices is discussed and some
properties on it are also presented. The definition and some
properties of determinant of Triangular Fuzzy Matrix are
presented in this project. It is well known that the
determinant is a very important tool in mathematics so an
efficient method is required to evaluate a Traingular Fuzzy
Determinant Presently. The research are trying to develop an
efficient method to evaluate a Triangular Fuzzy Determinant
of large size, some special types of Triangular Fuzzy
Matrices. The concept of adjoint of circulant TFNM is
discussed and some properties of determinant of circulant
TFNM are presented in this article. Finally define
generalized TFNM and also investigate the distance measure
of generalized circulant TFNMs.
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